Mechanics | (Units 2 and 3)

(48) Which option gives the value of a+b X ¢, wherea = —1—4j + k,
b=-2i+2j+kandc=i+4j—-k.
Options
A 20 B 0 C -16 D 16
49 Points A and B have position vectors a = —i —4j+ k and b = —2i + 2j + k,
( ) respectively. Which option gives the value of a « ¢, where c¢ is the position vector
of ', the midpoint of AB?
A1 B = C 2 p =
2 2 2
(50) Select the option that gives a unit vector that is perpendicular to the vectors
a=2i—j+kand b=3j+ 3k.
Options
1. . K . . Kk
A i-j-k B i-j-k C _E(I—J— ) b —5l+i-1
(51) A, B and C are points with coordinates (1,1,1),(1,—1,0) and (1,3, —1)
respectively. P is the mid-point of AB and @ is the mid-point of BC. The
position vector of the point one quarter of the way from P to @ is of the
form i+ yj + zk. Which option gives the values of y and 27
Options
1 1
A y:%.z:% B y:%z:% C y:-—%yg:—% Dy:Z'Z=_Z
(52) A, B and C are points with coordinates (1,1,1), (1,2,1) and (2,2, 2), respectively.
Which option gives a unit vector perpendicular to AD and AC'?
Options
A i—k B (i—k)/V2 C i+k D (i+k)/V2
(53) A block of mass m lies on a rough plane that is inclined at an angle a to the

horizontal. The forces acting on the block are its weight W, friction F and the
normal reaction of the plane N. The block may be modelled as a particle.

N

W i

If i and j are the horizontal and vertical unit vectors shown, which option gives
the force N in terms of i, j and «a?

Options
A N = |N|(cosai+sinaj) B N = |N|(sinai+ cosaj)
C N = |N|(—cosai+sinaj) D N = |N|(—sinai+ cosaj)




(54)

A trapdoor AB of mass m and length L is hinged at A, and a rope is attached to
it at B. The other end of the rope is attached to a point C' on a wall vertically
above A as shown. The angle between the trapdoor and the horizontal is @, and
the angle between the string and the trapdoor is ¢. The forces acting on the
trapdoor are its weight W, a reaction force at the hinge, and the tension T in the
rope. The trapdoor may be modelled as a model rod, and the rope as a model
string.

C

If i and j are the horizontal and vertical unit vectors shown, which option gives
the force T in terms of i, j € and ¢7

(55)

Options

A T =|T|(—cospi+sing]) B T =|T|(—cosfi+sindj)

c T= ‘T|(, (‘:(j)s(q5+9)1+Sin(¢)+9)j) D T= |T‘(7¢0S(c}579)i+siu((,bf())j}
For the trapdoor above, , which is in equilibrium, which option gives an

expression for the torque of the tension in the rope about the trapdoor hinge?

Options
A 0 B L|T|cosfk
c LIT|sin ¢ k D I|T|cos ok

(56)

A horizontal force P acts on a particle lying on a plane inclined at an
angle « to the horizontal. The unit vectors i and j are defined as shown in
the diagram.

@

‘Which option gives the correct expression of P in terms of i and j?

Options
A |P|(sinavi+ cosaj) B |P|(—sinai—+ cosaj)
C |P|(—sinai—cosaj) D |pP

(sinai— coserj)

(57)

Consider the vector v shown in the following diagram.

9 i
‘ \ iﬁa

Which option gives the i component of v?

A —|v|cos(0 + o) B |v|cos(6 + ) C —|v]|cos(6— ) D |v|cos(6— )




(58) A force P of magnitude 4 N is directed from a point A towards a point B.
The position vectors of points A and B relative to O in the coordinate
system shown below are 21 — j and —21 + 2 j, respectively.

B

Select the option that gives the torque of P about O.
Options
A Bk B -8k C

(S0}

k D -2k

(59) A force P of magnitude 2N is directed from a point A towards a point B. The

position vectors of points 4 and B relative to O in the coordinate system shown
below are j and —232i — 1j, respectively.

Vv

O x )
K .

Select the option that gives the torque of P about O.

Options
A Vik B —Vik C k D -k
(60) A uniform ladder of length 2L stands on a rough horizontal floor and leans

against a smooth vertical wall, making an angle # with the horizontal. Horizontal
and wvertical unit vectors i and j are taken as shown.

> R
L

i
F
Two of the forces acting on the ladder are its weight, W , and the
reaction of the wall, R = |R]|i, as shown. Which option gives the resultant torque
about the base of the ladder?

Options

A L(|W]|cosf+ 2|R|sinf)k B

L(|W]|sin 0 + 2|R| cos #)k
c  L(W[cosf —2[R[sinb)k

p L(W][sing—2[R[cost)k




(61) Leta=—3i+2j— 2k and b=2i+j+3k. Find:

(i) the magnitudes of a and b
(ii)) thec cosine of the angle betwean the directions of a and

(1il) & unit vector pl_lrprfn“r ular te both a and b.

(62) (i) A particle of mass m lies on a rough plane which is inclined at an angle § to
the horizontal, as shown in the diagram.

The coefficient of static friction between the particle and the plane is u. Show
that, in order for the particle to be able to remain at rest on the plane, the
condition g > tan§ must be satisfied.

(i) A force of magnitude P is now applied to the particle in a horizontal direction,
towards the plane, as shown.

Assuming that u < tan#é, find the minimum value of P which is necessary to
ensure that the particle remains at rest on the plane.

(63)

Figure | shows a uniform horizontal plank of mass M and length /. One end of the
plank is hinged at A directly to a vertical wall, the axis of the hinge being horizontal.
The other end of the plank is attached by a light string to a point B vertically above A.
The string makes an angle § with the horizontal plank, which is static. Neglecting
friction in the hinge, find the tension in the string.




(64)

A particle of mass m rests on a rough plane which is inclined at an angle of 6 to th.c
horizontal. The coefficient of static friction between the particle and the pla.ne is
4. The particle is about to be pulled directly up the plane by a force of magnitude
P at a direction making an angle ¢ with a line of greatest slope of the plane. I-f the
particle is on the point of moving up the plane, find an expression for the magnitude

of the applied force P.

(65)

(g) Hence find, in terms of my, ms, M, g and «, the magnitudes of
in the strings, the reaction force of the plane on the block, and -
force.

(h) Deduce that the coefficient of friction is given by

(mo — my) cos o
M — (rmq + mso) sin o’

o=
(¢) Choose a suitable coordinate system or systems.
(d) Express all the forces in terms of your unit vectors.

(e) Hence derive, with justification, four scalar equations representing the fact
that the three particles are in equilibrium.

You may now assume that the block is on the point of slipping along the plane.

(f) Write down further equations representing the facts that the pulleys are
model pulleys and that the block is on the point of slipping.

The ends of a heavy uniform rigid rod of length L rest in equilibrium on

(65) two inclined planes whose surfaces are rough. A particle is suspended by a
rope a third of the distance from one end of the rod, as shown in the
diagram below.

Draw a force diagram showing all the forces acting on the rod, and define
each force identified.




A pipe of mass m rests on a rough plane inclined at an angle @ to the horizontal.
(66) It is attached to one end of a rope whose other end is fixed at a point 7, and the
rope is taut.

P

Model the pipe as an annulus and the rope as a model string. Draw a force
diagram showing all the forces acting on the pipe. Briefly define each force.

A rod rests on top of a horizontal cylinder that is free to turn on its own

(67) horizontal axis; the axis of the rod is perpendicular to the cylinder and
almost horizontal. A mass is suspended by a rope from one end of the rod,
and a fixed dowel whose surface is rough keeps the rod in equilibrium.

fixed rough dowel

mass
freely-rotating cylinder

Draw a force diagram showing all the forces acting on the rod, and define
each force identified.

68 A particle has acceleration a(t) = a(¢) i, where the graph of a(¢) is shown
( ) below.
al(t)
t
0

Which option gives a possible graph of the component of velocity in the
i-direction, v(t), of the particle against time ¢ for the time interval shown
in the graph?

Options

2 o(t) B v(t)




A toboggan of mass M is sliding down an icy slope inclined at an angle o
(69) to the horizontal. In addition to its weight, the toboggan is subject to two

resistive forces R and F. The force R is due to air resistance, and F is due

to the friction between the runners and the ice. Model the toboggan as a

particle of mass M, and take the distance down the slope as measured

by x.

Which option gives an equation of motion?

Options
A Mi= Mgcosa — |F| — |R| B Mi = Mgcosa+ |F| + |R|
C Mi= Mgsina — |F| — |R| D Mi= Mgsina + |F|+ |R|
A particle starts from rest at the origin (z = 0). It is subject to an acceleration
(70) a(t) = a(t) i, where the graph of a(t) is shown below.
a(nt
1
0 z 2T

Which option gives a possible graph of the distance x(¢) of the particle from the
origin against time ¢t for 0 < ¢ < 277

Options
A B C D
x(1) x(0t x(0)t "'(’;
1 1 1+
T 2T ¢ T 27 & T 27
(7 1) A particle of mass 0.25 kg is thrown vertically upwards with an initial speed 5 ms~L.

During its motion the particle experiences, in addition to the force of gravity, a
resistive force of magnitude 0.025v|?, where v is the velocity of the particle. You
may assume that the magnitude of the acceleration due to gravity is 10ms=2.

(i) Draw diagrams showing the magnitudes and directions of the forces acting on
the particle during its upward motion and during its subsequent downward
motion.

(ii) Choose a suitable coordinate system and explain why you have chosen it.

(iii) Using the coordinate system you chose in part (ii), derive the equation of
motion of the particle while it is moving upwards.

(iv) Using the coordinate system you chose in part (ii), derive the equation of
motion of the particle while it is moving downwards.

A particle of mass 0-25 kg moves so that its position is given by r(t) = > +0)i+ 4eos(3t)j, (0<t<W2).
(i)  Findr(0).
(i)  Find the velocity, in ms’, at time t and its speed whent= 0.
(i)  Find the magnitude of the force, in Newtons, acting on the particle at time .
(iv) At what times is the magnitude of the force acting on the particle greatest and in which directions does it act?

(72)




(73) A parachutist, complete with parachute, has a mass of 80kg. The motion of the
parachutist, when falling with the parachute open, is modelled as that of a particle
‘moving under gravity and under a resistive force of magnitude 50v% newtons when

the speed is vms~!.

(i) Draw a diagram showing the directions of the forces acting on the parachutist.

(ii) Show that the equation of motion of the parachutist, relative to an axis which
points vertically upwards, is
dv 5,
— = -v° —10.
a8

(iii) Find the terminal speed of the parachutist.

Take the magnitude of the acceleration due to gravity to be 10ms=2.

A ball bearing of mass m falls vertically downwards through a viscous fluid. The initial downwards

(74) velocity of the ball bearing is v,. When the downwards velocity of the ball bearing is v. the resistance
on the ball bearing due to the fluid has magnitude mguv?/(16vy%), where g is the magnitude of the
acceleration due to gravity.

(i) Write down the equation of motion of the vertical fall of the ball bearing through the viscous
fluid.
(ii) Determine the terminal speed of the ball bearing.
(i) By using the identity
dv _ dx dv dv
& T drdx - Vdx
or otherwise, find an expression for the distance x the ball bearing has fallen in terms of its
velocity v.
[You may assume the speed of the ball bearing during its fall never exceeds its terminal speea...
(iv) Further determine how far the ball bearing has fallen when its speed is 3v,.

A toboggan of mass m is sliding in a straight line across a horizonta'l sh.ect of ice.

(75) The toboggan is subject to two resistive forces: a constant force of kln?txc fnctlo:
with the ice, of magnitude k;, and a force of air resistance, of magnitude kav*,
where k; and ks are positive constants and v is the speed of the toboggan.

(i) Write down the equation of motion of the toboggan, being carei:ul to specify
your choice of coordinate system and to define any symbols you introduce.

(ii) The toboggan is set in motion with initial speed vo. Show that when it comes
to rest it will have travelled a distance

m . (k1 +kzv02)
oy o kx

(76) A particle of mass 2 kg moves along the x axis so that its position at time t seconds is given by
)= (d+1t)
(i) Whatis the velocity of the particle at time t =2

(i) What s the acceleration at time t = 1.5
(i)  What is the magnitude of the total force acting on the particle att=1?




(77)

A downhill skier is modelled as a particle of mass m sliding down a plane which is
inclined at a constant angle 8 to the horizontal. The skier is subject to two resistive
forces, namely kinetic friction between the skis and the snow, and air resistance
which is assumed to have magnitude kv, where v is the speed of the skier and k is
a positive constant.

(i) Draw a diagram showing the forces acting on the skier.
(ii) Use Newton’s second law to find an expression for the skier’s acceleration.
(iii) Deduce that the terminal speed of the skier is

vp = Ekg(sixw - pcosé),

where g is the magnitude of the acceleration due to gravity and u is the coef-
ficient of kinetic friction between the skis and the snow slope.

You may assume that p < tan6.

(78)

A particle of mass m is thrown vertically upwards with an initial speed vo. During
its motion the particle experiences, in addition to the force of gravity, a resistive
force of magnitude kv, where v is its speed and k is a positive constant.

(i) Draw a diagram showing the magnitudes and directions of the forces acting
on the particle during its upward motion.

(11) Find the equation of motion of the particle while it is moving upwards, relative
to an axis which points vertically upwards.

(iii) Show that the time taken for the particle to reach the highest point of its

motion is
P, (PEEER),
k mg ,

where g is the magnitude of the acceleration due to gravity.

(79)

A parachutist, in vertical free fall in still air, opens his parachute at a time when his speed is vo. The
otal mass of the parachutist and parachute is m. The open parachute offers resistance dmgvi|vy?
o the motion, where v is the speed of the parachutist and g is the magnitude of the acceleration due

o gravity.

(i)

(i)

i)

(iv)

Assuming the parachutist continues to fall vertically, write down the equation of motion for
the parachutist after he has opened his parachute.
Determine the terminal speed of the parachutist.
By solving the equation of motion. show that the speed of the parachutist at a time ¢ after he
has opened his parachute is given Dy

[ 3eiive 4 g7 200
= 3703 2000 _ g S0o.
(You may assume that the speed of the parachutist after he has opened his parachute always
exceeds his terminal speed.)
Further find the distance the parachutist has fallen during the time 1 since he opened his
parachute.
[You may find the following integral useful:

It

r~ , X
i—'—”i: t i,—xdx = log, (3¢* — e~ ¥) + constant ]

(80)

A particle of mass m is projected with speed vy at an angle # above the
horizontal. There are no resistive forces. The particle reaches a maximum height
of i above the point of projection. Select the option that gives the horizontal
distance travelled by the particle when it reaches this height.

Options
)2 .9 2 5

(Y ) ,a
A Zsind 1 v Vi
29 % cos C 5 sin(26) D i cos(26)




(81)

A particle of mass m is projected with speed vpms™! at an angle o below the

horizontal. The unit vector i points in the initial direction of travel, and j is
perpendicular to it, as shown in the diagram below.

&

J g

.

1
The position vector of the particle at time ¢ is
r(t) = xi+ yj.

Ignoring air resistance, which option gives the equation of motion of the particle?

Options
A ¥F=—gj B I =-gsin(a)i —gcos(a)j
C +=—-gcosai—gsinaj D #=gsinai—gcosaj

(82)

A m(—cos(2t)i—sin(2t)j+e k) B mldeos()

A particle of mass m moves along a path given by
r(t) = cos(2t)i+sin(2t)j + e k.

Select the option that represents the force acting on the particle.

c  m(—cos(2t)i—sin(2t)j—e "k) D nf—4cos(2t}i—48in{2}j - ek} -

(83)

(i) A particle is projected from the origin with an initial speed u at an angle 6§ to
the horizontal. Neglecting the effects due to air resistance, use Newton’s second
law of motion to determine the horizontal and upward vertical displacements
z and y of the particle at time ¢ in terms of u, 8, t and g, the magnitude of the
acceleration due to gravity. Hence show that the trajectory of the particle is

2
y=ztanf — %(1 +tan26).

(ii) A golf player hits the ball from a point a horizontal distance 20 metres from
a tree and 10 metres below its top, so that it just clears the tree. The speed
with which the ball leaves the golf club is 25ms™!. You may assume that
the magnitude g of the acceleration due to gravity is 10m s~2 and neglect any
effects due to air resistance and spin.

25ms’

G 20m

X
(a) Show that one of the possible angles of projection is arctan(2) and find
the other possible value.

(b) After clearing the tree, the ball lands, without bouncing, in a bunker
which is at the same horizontal level as the point of projection. Given
that the angle of projection was arctan(2), find the distance of the bunker
from the point of projection.




(84)

(i)

A particle moves in a vertical plane under the action of gravity alone. It
is projected from the origin O with an initial speed u at an angle 6 to the
horizontal. Use Newton’s second law to determine the horizontal and upward
vertical displacements z and y of the particle from O at time ¢ in terms of ¢,
u, § and g, the magnitude of the acceleration due to gravity. Deduce that the
path of the particle has the equation

= g 2
y=(tan0)z ~ (5rig) =

Two parallel walls, each of height a, are situated on level ground a distance 2a
apart. A particle is projected from a point at ground level a distance 2a from
one of the walls, and moves in a vertical plane perpendicular to the walls so
that it just clears both of them, as shown.

2a 2a

Find, in terms of a and g, the speed and angle of inclination with which the
particle is projected.

(85)

y4
s
V
A
h
d

(0] B »

X

A shot is launched horizontally with speed v, from a point 4, a height h above a point O

on level ground. The shot lands at a point B on the ground at a distance d from the

point O. For the purposes of this question, you may model the shot as a particle and
neglect any effects due to air resistance.

(i) Find the launch speed of the shot v, in terms of h, d and g, the magnitude of the
acceleration due to gravity.

(ii) Suppose the shot is launched from the same point 4 with the same speed vy, but
atanangle 0 (where — 1 1 <8 < i) above the horizontal. If the shotlands at the
same point B, what is the value of 6 in terms of h,dand g?

(iii) Further, determine the maximum height of the shot during the motion described
in part (i) in terms of A, d and g.

(86)

7777777 777777777777 7777777777 7777777777/~

A child throws a ball against a vertical wall which is at a fixed distance 4 from the point of
projection. If the ball is modelled as a particle, show that the greatest height above the level of
the point of projection at which the ball can hit the wall for different angles of projection « is
u4 — g2d2
2gu” T
where u (which is greater than ./(gd)) is the fixed speed of projection. Find the angle of
projection to achieve this maximum height.




(87)

This question is concerned with kicking goals in the game of rugby. When a goal
attempt is made, the ball is placed on the pitch and then kicked through the air in
the direction of the goal posts. For a goal to be scored the ball must pass between the
vertical posts and over the horizontal crossbar, without, of course, having touched
the ground on the way. The question deals only with a kick which is taken from
directly in front of the goal posts, and with the problem of determining whether
the ball attains sufficient height to clear the crossbar.

Axes are set up with origin on the goal line at the foot of the goal, with the z-axis
horizontal and in the direction of the point from which the ball is kicked, and the

y-axis vertical, as shown in the figure.

The following symbols are used in the question:

e V: the initial speed of the ball immediately after it is kicked

e a: the initial direction of motion of the ball, an angle measured upwards from
the negative direction of the z-axis

e d- the horizontal distance between the goal and the point from which the ball

is kicked

h: the height of the crossbar above the ground

e g¢: the magnitude of the acceleration due to gravity.

All of these are measured in appropriate SI units.

It may be assumed that the ball can be modelled as a particle (in particular, no

account need be taken of its peculiar shape), and that air resistance may be ignored.

(i) Show that, with respect to the axes shown in the figure, the path of the ball
is given by '

i oy e s S
y=(d—z)tana (ZVZ) (d—z)°sec a.
(ii) Show that, for the ball to clear the crossbar, the following inequality must be

satisfied:

gd* 2
dtana (2‘/2) seca > h.
(iii) Deduce that it will be possible to score a goal if and only if the quadratic
equation
5 F3F? 2V2h
2 _(=— T =0
J ( gd ) ¥ (1 T )

has real roots. Conclude that if the kick is taken a distance d from the goal-
posts, in order for it to be possible to score a goal the speed V' with which the
kicker can kick the ball must satisfy the inequality

V4 = 2ghV? - g*d® > 0.




