(175)

Mechanics 3 (Units 19, 20, 21)

Three particles, A, B and C, each of mass m, collide at the origin. Prior
to the collision the particles are moving as follows. A has speed w in the
1 V3

direction ﬁ(i +j), B has speed v in the direction —%52i — %j and C' has

2
speed w in the direction i. After the collision all the particles remain

stationary at the origin. Select the option giving w in terms of w.

Options

V2 _ _
A ‘U:\/é‘u B 'w:@u C W—%U D w= \/5

(175)(a)

Two equal spheres are moving along their line of centres.

u w
e -
—_— —_—

1% A

1
—

Before

After

Before the collision, sphere A has velocity ui and afterwards vi. The velocities for
sphere B are=wi and si, respectively, where s > v. Select the option that gives the

coefficient of restitution between the spheres.

Options
s—v w4+ u v+ 8 u—w
B i C i
w+u v—38 w+u v+ s

(176)

Particles of mass m, 2m, 3m and 4m are

laced at t : . :
length, as shown. b he corners of a square of unit Options

A 0

C 0.5i +0.5j

Taking the or_igin at the bottom left corner, and unit vectors as shown, select the
option that gives the centre of mass of the four particles. ,

B 3i+5j

D 0.3i +0.5]

(177)

A ball of mass 2m moves along the i-direction with speed u. It collides with a
second ball, of identical size but mass m. After the collision the two balls move in
the i-direction, the first ball with speed v and the initially stationary ball with

speed w. The coefficient of restitution between the two balls is e.

(a) What is the momentum of the ball of mass 2m before and after the collision?

(b) Find v and w in terms of u.

(c) Show that the energy lost in the collision is mu? (1 — €?).




(178)

Two particles move in the x, y-plane under the influence of an inter-parti i
. -particle f -
vbeys Newton's third law, No external forces act on the partidc; Initiaﬂ‘;rfﬁe:'h;g
far apart and separated by a distance greater than the range of the inter-particle force.
;‘het _r?a,-;e ,“2 pa;;qutlu_l _{'Enl SI quir.s} is 1 and its initial velocity is 1 + 3j; the mass of
article 215 2 and its initial velocity is § — j. Eventuall i

ol j y the particles coalesce and form
(i) What is the velocity of the compaosite object ?

(if) How much of the initial kinetic energy of the two-particls is dissi i
other forms such as sound and heat during the pms cﬁﬁst?g;lf:dd'?lpﬂd e

(179)

T\:? particles ??flidc, :I!’hc par.ticles h’ave masses 3 kg and | kg and they have velocities
-I_I_ + jms and 2i + 5j ms™' respectively before the interaction During the
¢collision the two particles coalesce Lo form a composite particle. Find the final velocity

of the composite particle. Further, determ; i
: : » determine how much of the total initial Kinetic
encrgy is lost during the collision. nitial Kinerie

(180)

A snooker ball of mass m lies at rest on a horizontal snooker table. A
second, identical ball moving with speed u collides with the first ball, and
after the collision the balls move with speeds v and w, respectively. Their
trajectories after the impact subtend angles a and 3 with the original line
of motion, as shown.

(a) Write down the linear momentum of the system before and after the
collision.

(b) Hence show that, if @ + 3 = 7/2, then u = vseca.

(181)

A ball of mass m moves with velocity 21 — 2. It collides with a second ball, of
identical size and mass, that is initially at rest. After the collision the two balls
have velocities w1 i+ v1j and usi + v j, respectively.

(a) Find the energy of the system after the collision.
(b) Show that if
(wri+v1j)- (u2i+wvej) =0

then the collision is elastic.




) A particle of mass m moves in a helical path so that its position at time ¢
(18 ) is given by r(t) = costi+sintj+ t k. Select the option that gives the
angular momentum of the particle about the origin.

Options
A mf(sint+tcost)i+(tsint +cost)j+k) B m[sint—tcost)i-(tsint +cost)j +k)
C ml(sint+tcost)i- (tsint +cost)j+k) D mf(sint - tcost)i- (tsint +cost)j - k)

A particle of mass m is attached to two strings of length [; the other ends of the
(183) strings are fixed so that each makes an angle a with the vertical. The particle
moves in a horizontal circle with constant angular speed w.

o

If the magnitudes of the tensions in the strings are |T;| and | T3], select the
option that gives the radial component of the equation of motion.

Options

A nle'=(T+0se B k= {4 s C ld=T+l D al'=-{T[+T)

(184) A particle of mass m is travelling around the inside of a vertical cylinder of
radius R with angular speed w. The angle with the downward vertical
subtended at the centre of the cylinder is #. The only forces acting on the particle
are its weight W and the normal reaction of the cylinder N there are no
resistive forces.

Taking the centre of the cylinder as datum for potential energy, which option
gives the total energy of the particle?

Options
A %mﬁﬂwz “+ mgR cos 0 B %mﬁng — mghRcos O

C %TTL.[EQWE + mgRsin 0 D é'rnRsz — gl sin @




(185)

A particle of mass m is attached to a model string of length L. The other end of
the string is fixed at a point F7. The particle is given an initial horizontal speed wvg
in the ep-direction, where the unit vectors e,., ep and e. are as shown in the
diagram below. The particle then moves in a horizontal plane with constant
angular speed in such a way that the string makes a constant angle e with the
vertical.

(a) Draw a force diagram showing all the forces acting on the particle.
(b) Express the acceleration of the particle in vector form.

(¢) Determine vg in terms of m, L, o« and g, the magnitude of the acceleration
due to gravity.

(186)

A ring of mass m is free to slide round a smooth, vertical wire hoop of radius R.
The ring is released from rest at the top of the hoop, and at time ¢ subtends an
angle  at the centre of the hoop. Model the ring as a particle, and ignore all
resistive forces.

(a) Draw a force diagram showing all the forces acting on the particle.

(b) Write down the radial and transverse components of the equation of motion.

(186)(a)

A particle of mass m, attached to one end of a light inextensible string of length {
whose other end is fixed at a point O, moves with the string taut in a circle in a
horizontal plane a distance d below O. The angular speed w of the particle in its
circular motion is constant. Find expressions for d and for the tension in the string
in terms of m, [, w and ¢, the magnitude of the acceleration due to gravity.

(187)

A particle P of mass m is attached to one end of a light inextensible string of length
l th<': other end‘ of which is fixed at'a point O. The particle, hanging vertically below
FJ with the string taut, is given a horizontal velocity vo which sets it into motion
in a vertical circle.

(i) Show that the particle’s angular speed during its circular motion is given by
1262 = vi - 2¢1(1 - cos 8),
where 6 is the angle between OP and the downward vertical.
(i) Find an expression for the tension in the string in terms of 4.

(iii) Supl?ose tkﬁmt vp? = %gl, where ¢ is the magnitude of the acceleration due to
gravity. .Flnd the value of the angle 8 at which the string becomes slack and
the particle leaves its circular motion. You may assume that the particle does
not come instantaneously to rest before the string becomes slack.




(188)

-l
>
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A particle P of mass m is sliding down the outside of a fixed smooth sphere of
radius a. Initially the particle was released from rest from a point on the sphere at
a vertical depth }a below the highest point A of the sphere. You may neglect the
effects due to air resistance.

(i) Identify the forces acting on the particle when it is in contact with the sphere.

(ii) Either by integrating the transverse component of the equation for the'circular
motion of the particle P, or by using the law of conservation of mechanical
energy, show that during the period of the motion before the particle leaves
the surface of the sphere, the angle 8 that the radius from the centre O of the
sphere to the particle makes with the upward vertical O A satisfies the equation

-

i = (35—
g —20(3 4 cosb),

where g is the magnitude of the acceleration due to gravity. If you use the law
of conservation of energy, you should explain carefully why this is justified.

(iii) By using the radial component of the eﬁuation of circular motion, find an
expression for the magnitude of the normal reaction from the sphere on the
particle in terms of m, g, ¢ and 6.

(iv) Find the value of the angle 6 and the speed of the particle at the instant when
the particle leaves the surface of the sphere.

(189)

Two light inextensible strings AC and BC each of length ! are attached to a particle
C of mass m. The other two ends of the strings are attached to two fixed points A
and B, with the point B vertically below A, as shown in the figure. The distance
of B below A is such that when the strings are pulled taut they are both inclined
at an angle of m/4 to the vertical.

The particle C moves in a horizontal circular path with constant angular speed w
and with the two strings AC and BC both taut.

(i) Draw a force diagram clearly indicating the magnitudes and directions of the
forces acting on the particle C.

(ii) By considering the vertical and radial components of the equation of motion of
the particle C, find expressions for the tensions in the two strings AC and BC,
in terms of m, [, w, and g, the magnitude of the acceleration due to gravity.

(iii) Find the minimum angular speed with which the particle C can move in a
circular path, as described above, with both strings taut.




(190)

A uniform rod of length ! and mass M has a particle of mass 2m attached
to one end. The rod is free to rotate in a vertical plane about an axis that
is perpendicular to the plane of rotation and passes through the other end
of the rod from the particle.

\¢/

2m

When the rod is at an angle & below the horizontal, what is the kinetic
energy of the system?

Options
A (3M +2m)2%0° B (1M +2m) 12
C  L(iM+2m)20" D L(LMtom)E

(191)

A machine part consists of a heavy uniform solid cylinder of radius R and height
h, to which is welded a thin heavy uniform rod of length 2. and mass M. The
rod is welded symmetrically along a diameter of the cylinder. The density of the
cylinder is ¢, and the entire machine part is rotating about the axis of the cylinder
with angular speed w.

Select the option that gives the kinetic energy of the entire machine part.

Options
A (iwhcR*+ IML?)u? B (imhcR'+ I1ML?)w?
C  (jwheR*+ fML%)W? D (§whcR* + JML?)W”

(192)
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A uniform thin rod of mass m and length [ can turn freely in a vertical plane about
one end O. It is allowed to fall from rest in a horizontal position.

(i) Find the moment of inertia of the rod about an axis through the end O and
perpendicular to the rod.

(ii) Using the law of conservation of energy, show that the angular speed of the
rod when it is vertical is 1/3g/l.




(193)

A cylindrical coin of thickness d and diameter 2R is spinning on a smooth
horizontal plane with constant angular velocity w = wk.

The coin is of mass M and the axis of rotation (the z-axis) passes through
the centre of mass of the coin. Select the option that gives the kinetic
energy of the coin.

Oplions
A (HEMd® + I MR?)w? B I (HMd*+ MR?) W’
C (HMd*+ MR?)* D 3 ($HMd>+ MR?)W?

(194) A uniform pole of length [ and mass m is hinged to the ground.at one enq. Initially
the pole is held in a vertical position above the hinged end, dlsplz?.ced sl.lghtly and
then released. The angle between the pole and the vertical at time t is denoted
by 8.

(i) By using the torque law relative to the hinge show that the angular acceleration
of the pole is given by

. 3q .
f= 571 sin 6.

(ii) Solve the above differential equation to obtain an equation for the a:ngular
velocity # and hence find the angular velocity with which the pole hits the
ground, which you may assume is flat and horizontal.

(iii) By considering the horizontal component of the equation of motion Qf the
pole’s centre of mass, show that the horizontal component of the reaction at
the hinge is given by

H = 2mgcosfsind — $mgsinf.
Similarly find the vertical component of the reaction at the hinge.
(19 5) A child of mass m sits at the centre of a playground roundabout which is spinning

about its centre at a constant angular speed w. The moment of inertia of the
roundabout about this axis is I, and the radius is R. Ignore any frictional forces,
and model the child as a particle.

(a) Calculate the angular momentum of the child-plus-roundabout.

(b) The child crawls to the edge of the roundabout. What is the angular speed of
the system when the child reaches the edge?

(c) What is the change in kinetic energy of the child-plus-roundabout system as
a result of the child moving to the edge?




(196)

In this question you may ignore air resistance. A wheel consists of a metal
cylinder of radius a and mass M on which is mounted a solid tyre of inner
radius a, outer radius R and mass m. The wheel starts from rest and rolls
without slipping down a rough plane inclined to the horizontal at an angle a.

(a) Determine the moment of inertia I of the wheel about its axis.

(b) Draw a force diagram showing all the forces acting on the wheel during its
descent.

(c) Write down the equation of linear motion of the centre of mass.
(d) At time ¢ the wheel has rolled a distance = down the plane, and has angular
speed #. Show that the kinetic energy T of the wheel is given by
T =4 ((M+m)i® + §Ma*0’ + (R +a¥)0' ) .
(e) Write down the rolling condition for the wheel.

(f) Taking the datum for gravitational potential energy at the initial position of
the centre of mass of the wheel, show that the total mechanical energy E of
the system is

(M + m)a®
2R?

(g) By differentiating with respect to ¢ find the magnitude of the linear
acceleration of the centre of mass of the wheel.

E=§i (M +3m+ ) — (M +m)gzsina.

(197)

The pendulum bob of a clock is modelled by a solid sphere of radius r and mass
10 mounted rigidly on one end of a thin rod of mass m apd length 97 as shown in
the figure. The bob is free to rotate about an axis perpendicular to the rod through
the other end of the rod. Find the moment of inertia of the pendulum bob about

the axis of rotation.




(198)

- 4

A thin-walled hollow cylinder of mass m and radi i ippi
A th us a rolls wit '
inclined at an angle « to the horizontal. e o it

(i) What is the lfelationship between 6, the angle through which the cylinder turns about its axis
and x, the distance the cylinder moves down the plane? .

(ii) Draw a diagram showing all the external forces on the cylinder.

(u1) Either by usipg the torque law, or by using energy conservation, determine the magnitude of
the acceleration of the centre of mass of the cylinder.

(iv) Sho.w th'at. for the cylinder to f'oll without slipping down the inclined plane, the coefficient of
static friction between the cylinder and the plane must be at least  tan a.

(199)

()

P

A pendulum consists of a particle of mass m attached to one end P of a uniform
thin rod OP of mass 3m and length 2/ which is pivoted freely at the other end O.
The pendulum, which initially is hanging with P vertically below O, is set moving
in a fixed vertical plane with an initial angular speed wo.

(i) Find the moment of inertia of the pendulum about the axis of rofation through
0.

(ii) By using the conservation of mechanical energy, or otherwise, show that the
angle 8 between the rod and the downwards vertical satisfies the equation

2 _ 29
i = wo? - 37(1 = cosd).

(iii) If wo = \/159/8l, find the value of the angle & when the pendulum first comes
instantaneously to rest.

(iv) Further, show that the condition for the pendulum to describe complete circles
is wo > /59/2l.







