Methods 1 Differential Equations 2 (Units 4,5, 6, 7, 12)
(20)

A system of three simultaneous linear equations was solved using Gaussian
elimination. At the end of the elimination stage the following upper triangular
matrix was obtained, where a is a real number.

1 2 3 4
0 1 a a
00 (a+3)a—2)|a®>—4

Which option gives a true statement?

If a # 2 the equations will always have a unique solution

B If a = -2 then the equations will always have a unique solution.

C If a # 2 and a # —3 then the equations have no solution

D If a # —2 and a # 2 then the equations will always have a unique solution
Which option gives the largest set of linearly independent eigenvector(s) of the
(2 1) matrix
3 3 2
-4 =5
Options

The complementary function of the system of differential equations

& = 2z + y + 4 cos(2t)
y=3z+4y— 1.

T _ L) st | o 2| 2
-e[t) o[

Select the option that gives a suitable candidate for a particular integral for this

(22)

system.

Options
x| _|acos(2t) B x| _ |acos(2t)+ bsin(2t)
v b vy c

C x| a cos(2t) + bsin(2t) D . x| _ |acos(2t) + bsin(2t) + f
y| | ccos(2t) +dsin(2t) + f y| | ccos(2t) + dsin(2t) + g

(22 )(a) The system of differential equations X = 6x+y has general solution (;) = oc(_ll) g B(_lg)eSt,

Y =-3x+2y
Which option gives the particular solution of the system that satisfy x(0) =10, y(0) = 6?
Options A x=2e"—12e", y= 166" — 6 B x = 18¢”' — 8e¥, y = 24e — 18¢™

C x =8e*—18e™, y = 18 — 24¢™ D x =2e*—12e", y = 12" — 6™




The function f(x,y) is defined by
F9) = (= )* — 207 — 35°.

Select the option that gives the first-order Taylor approximation to f(z,y) about
the point (1,—2).

(23)

Options

A pily) =374 M- 1) - 4y +2) B pifzy) =37+ +1)+44(y+2)

C  pilny) =37-1a-1)-44(y-2) D pi(z,y) =37—-14(z+1)+44(y - 2)

(2 4) The system of differential equations
i =2? + 3zy — 28,
= 6xy — 8y? — 3z — 4
has an equilibrium at the point (4, 1). Using the approximations x(t) = 4 + p(t)

and y(t) = 1+ ¢(t), which option gives the linear approximation to the system
about the equilibrium point?

Options
A p=1lp+12q B p=12p+11g C p=3p+8g D p=8p+3q
q=3p+8q qd=8p+3q §=11p+ 12q q=12p+1lq
(25) If the equations

x— 4dy+ z=1
3z —1ly+ =z =
—2x+ 6y+ az =

S =

have no solution, what is the value of «?

Options
A 0 B 1 Cc 2 D 3
(26) The eigenvalues of a matrix A are —1, 1 and 2. Which option gives the
eigenvalues of the matrix (2A + 31)~1?
Options
- 1 1 1 1
A 15,7 B -1,-5 -1 C -1, -3 D L=
(27) Consider the system of differential equations
T =x+ 2y —cos2t —4sin2t
y = 4a + 3y + sin 2t.
The eigenvalues of the matrix
1 2
4 3
are —1 and 5, with corresponding eigenvectors [—1 1]7 and [1 2]7,
respectively. Select the option that gives the complementary function for
this system.
—t_ 5 t g -5t
T T r=ae"" —be r=ae —be
A 1=t r=ae” 1’ c y= 20" +be y= et 4 b

y=-0¢' + ™" y=-u" 4 2"




The function f(x,y) is defined by

(28)

flz,y) = 22 — zy + 3y — 11z

f has a stationary point at (6, 1). Select the option that gives the type of
this stationary point.

Options
A A local minimum. B A local maximum.
C A saddle point. D None of these.

The vector [-1 1 0]7 is an eigenvector of the matrix

(29)

1 3 -2
31 2
2 2 1

Select the option that gives the corresponding eigenvalue.
Options

A -2 B 1 Cc -1 D 2

( 30) One eigenvalue of the matrix
18 6 18
—4 0 -4
-12 —4 -12

is 4. Which option gives the other two?

A 24 B 22 C 0,4 D 0,2
(31) Consider the augmented matrix
2 3 2|4 Ry
M = 2 1 4|7 Ro .
-3 2 6|1| Ry

Select the option that corresponds to the first two steps of the Gaussian
elimination method, using the notation for labelling the rows of the matrix
from Unit 9.

Options
A Roa=R:+Ry B Ruau=R:+Ry
Ry, = Rs + 3Rq Ri. =Rs - iR,
C Ra, = Ro — Ry D Ro, = Rs — Ry
R"ju = R3 + %Rl RSa. = RS - %Rl
(32) The function

fla,y)=2® —ay + §y* - 5a

has a stationary point at (4,3). Select the option that gives the type of
this stationary point.

Options
A A local minimum B A local maximum

C A saddle point D None of these




(33) (i) Use the Gaussian elimination method (without pivoting) to reduce the set of equations
x+ y— z=1,
2x + 3y + Az =3,
X+ Ay+3z=2
to an equivalent set of equations whose matrix of coefficients is upper triangular.
(ii) Determine the values of 4 for which the set of equations in part (i) has:
(a) no solution;
(b) a unique solution;
(c) an infinite number of solutions.
(iii) Find the solution(s), if any, of the set of equations in part (i) for the cases:

(@) A=1;
(b)y A=2.
34 (i) Use the Gaussian elimination method to reduce the set of equations
( ) x4+ 4y +3z=13
-3+ y—4zr=1
2x = S5p+ =k
to an equivalent set of equations whose matrix of coefficients is upper triangular.
(ii) Explain why the set of equations in part (i) has no solution for x, y, z unless
k = —4.
(i) Find the solution of the set of equations in part (i) for the case k = —4.
Given that
(35) 4 2 3
A == 2 3 4
. 3 4 6
calculate .41,
(i) Find the eigenvalues of the matrix
(36) 76 5
01 3
0 4 2
(ii) Find an eigenvector corresponding to the largest eigenvalue.
(37) Find the eigenvalues, and corresponding eigenvectors, of the matrix
-7 6
-12 10]"
(3 8) (i) Find the eigenvalues, and corresponding eigenvectors, of the matrix

11
6 0}
(i) Find the solution of the differential equations
1 =11 + 2

ég = 511 + 56_1

which satisfies the initial conditions  Xa(0) = 2, x,(0) = —6.




(39)

(i) Find the eigenvalues, and corresponding eigenvectors, of the matrix

{—4 -10]
3 Ty
(ii) Find the solution of the differential equations
z, = —4z; — 10z, + Ge~*
Fq = 3z, + Tzy — 3¢
which satisfies the initial conditions

z1(0) =5 =23(0)=-3.

(40)

(i) Find the eigenvalues, and corresponding eigenvectors, of the matrix
4 1
3 21

(ii) Find the solution of the differential equations

&, = 4, + T2
£, = 3z + 273 + 12e~*

which satisfies the initial conditions

31(0) =72, 32(0) =0.

(41)

Find the first- and second-order partial derivatives of the function f(z,y) given by

f(=,y) = 2% — zy.
Write down the Taylor polynomial of second-order for the function f(z,y) at the
point (1,2).

(42)

Consider the function
flz,y) =2° —zy — 3z +2y + 2.
(i) Find all the first-order and second-order partial derivatives of the function.

(ii) Show that the function has only one stationary point. Find and classify this
stationary point.

(43)

Consider the function
fz,y) = 2° + 2zy° — 32° +3y° +3.
(i) Find all the first-order and second-order partial derivatives of this function.

(i) Show that there are two stationary points of the function lying on the z-axis;
find them and classify them.

You are not asked to find or classify any stationary points which are not on the

T-QTis.

(44)

Find and classify the stationary points of the function
& 1
flx,y)=5x° — sty + 22t -3 + 3y -




(45) Locate the equilibrium points of the following systems of non-linear differential equations and
classify these points

— 22 s 3
@  x=x"-y @ x=-x3)y (i) x=1-y
y=xt+y=2 y=-x-2y y=1-2"

iv) x=(2—x+2y)x ™) x=(2—x—2}’)x

y=0Q2+2x-y)y y=(@2-2x-Y)

The population sizes of a prey, X, and a predator, Y, measured in thousands, are
(46) given by = and y, respectively. They are governed by the differential equations

I = —pxy + qz, Yy = rry — sy,
where p, g, r and s are positive constants (p # r).

(a) (i) In the absence of species Y (i.e. y = 0) find an equation for r at time ¢
if £(0) = xo where zy > 0.
(i1) Do you think the model may be unrealistic? Give a reason to support
your answer.
(b) (i) Determine all the equilibrium points for the system of differential

equations given above, expressing your answers in terms of p, ¢, r and s.

(i1) Classify each equilibrium point

In a second mathematical model it is assumed that the predator species is no
longer totally dependent on the prey for its food supply. This model is given by
the differential equations

E.'_lJ' I—;'E ;1' 4-—.?.".4 ;E{I—]'
' 2 1000 00 v, 4 u-'l J.L-Ll'il’II 2000 V.

(i) Find all the equilibrinm points of the differential equations for the
revised model.

(11} Classify each of the equlibrium points.

Two species X and Y are in competition (for food, space, etc.). The population
( 47) sizes, measured in thousands, are given by x and y, respectively, and are governed
by the differential equations

T =pr—qry, Y=ry-—szy,
where p, q. r and s are positive constants (p # 7).

(i) Determine all the equilibrium points for the system of differential
equations given above. and classify them.

A revised mathematical model of the population of each species is given by the
differential equations

@ = 0.1z — 0.0001zy — 0.0000422, 3 = 0.08y — 0.00004zy — 0.00005y>.

(ii) Determine all the equilibrium points for the system of differential

‘ equations given above. 4,4 classify them.




