(126)

Methods 2 (Units 13, 14, 15, 16, 17)

The Fourier series

> nt . [ 2nmt
Ao + Z (A,, cos( T;_Tr ) + B, sm( 1:_7— ))

n=1

is to be found for the periodic function f(¢) whose graph is sketched below.

S0
1

S

2r  -w 0 T 2r 3 4m Sm ot

‘Which option gives the fundamental period of the function?
Options
A 7 B 2r C 3 D 4m

(127)

Counsider the function defined by

-1 —-1<t<0
f(t){ 1 0<t<1,

and f(t 4+ 2) = f(t). Select the option that gives Fourier series expansion of f.

Options
A fif- S(rt) B fi__i__ (2K + 1)mt)
2 cos(km 2 T cos ™
C i 4 sin(knt) 4+ 1 D i 4 sin((2k + 1)mt)
= km = (2k+1)m

(128)

Consider the function g(t) defined on the interval 0 < ¢ < 1 by
() = sin(nt), 0<t<i,
S l2-2t, F<t<l

(a) Write down in function form the odd and even extensions of g(¢) in
the interval [—1, 1], and illustrate each with a sketch of its graph over
at least three periods.

(b) What is the value of the even periodic extension at ¢t = 577




( 12 9) (a) Find the Fourier series approximation to the function
ft)=t+1

defined on the fundamental interval -1<¢t<1.

(b) Consider the function
g(t)y =1—1¢2, 0<t<1.

(i) Write down the even and odd extensions of g(¢), and illustrate each with
a sketch of its graph over at least two periods.

(13 0) The function f is defined on the interval [0, 1] by
f) =1-¢

(i) Write down definitions of the even and odd extensions of f that have period 2,
and sketch their graphs on the interval [—2, 2].

(ii) Show that the coefficients in the Fourier series for the even extension are given

by
1 1 — cos (rm)
A0=-2‘, and Ar=2(——7‘27r2— 5 (T'=1,2,...).
(iti) Show that the coefficients in the Fourier series for the odd extension are given
by
2
B, = —, =1,2,...).
T wr (r )

(iv) Given that you can only compute a finite number of terms, would you expect
the Fourier sine series or Fourier cosine series to give a better approximation
to the original function f on the interval [0,1]? Briefly explain the reasoning
behind your answer.

The function f is defined on the interval [0, 7] by
(131) £(t) = sint)]

(1) Write down the definitions of the odd and even extensions of f that have period
2m and sketch their graphs on the interval [-2r, 27].

(i) Find the coefficients of the Fourier series of the odd extension of f.

(iii) Calculate the first coefficient, A, of the Fourier series of the even extension

of f.
(iv) Show that the coefficients of the Fourier series of the even extension of f are
given by
A, = _2(;1)Ll,
m(r2 — 1)

(Hint: you may find the identity
1
sin(t) cos(rt) = E(sin (L +7)t) +sin((1 - r)t))

helpful.)




Consider the periodic function f(¢) whose graph is shown below.

f(@)
3‘1

—8 —4 I 4 8 t

(132)

The function is defined for 0 < ¢t < 8 by
0 forO0<t<?2
fi) = 3 for2<t<6
0 for6<t<8
and it repeats itself as shown in the figure.
The function is to be represented by a Fourier series of the form

oo
F(t)y =M + E (A, sin nwt + B, cos nwt) .
n=1
(i) Write down, the smallest possible value of the period 7" and the corre-
sponding fundamental angular frequency w of the function f(¢). State
whether the function is an odd or even function, or neither.

(ii) Evaluate the coefficients M, A,, and B,,.

Separation of variables is to be employed to solve the partial differential equation

Pu  Ou

T—s = —.
ox? ot
Writing w(z, t) = X () T(t), which option gives a possible pair of ordinary
differential equations for the two functions X (z) and T'(¢), where p is a constant?

(133)

Options
A X'=pX B uX'=pX € uX'=uT D 2uX"=yT
AUT' = T T'=ul T =X AT = uX

I'he function u(x,t) satisfies the partial differential equation (0 < z < L.t > 0)

(134) d%u 1 9%u

dx2 ~ a ot
with boundary conditions
u(0,t) =0, u(L,t) =0 (t = 0).
Following the method separation of variables we make the substitution
u(z,t) = X(z)T'(t). Select the option that gives the differential equations satisfied
by X and T, for some constant k.

Options
A X'"=kX B X"=kX C X"=kX D X" =oakX
T =aT T =akT T =kT T =kT
. . . . . 0%u 2%y
Consider the partial differential equation 2tz 0, (a<x<b,0<y<q),

(135)

with boundary conditions Z—Z(a, y) =0, u(b, y) = 0. When separation of variables method is applied

which boundary conditions are applicable to the given problem?

A X(@)=0,X(b)=0 B X'(a)=0,X(b)=0 C X(a)=0,X(b)=0 D X'(a)=0,X(b)=0




Separation of variables is to be employed to solve the partial differential

( 13 6) equation

t ﬂ + 2 =0

0z2 ot 7
where « is a constant. By writing u(z,t) = X (z) T'(t), which option gives
a possible pair of ordinary differential equations for the two functions
X (z) and T'(t), where p is a constant?

Options
A X' = p,X B X' = [LX Cc X' = ,LLX D XN _ H}(
’ 1% T / " |
T =-=T r B4 7 — _tup /_ﬁ
“ Y a I'= "7
(137) Transform the partial differential equation
o 13} 52
553 U@, 1) + A5 (U2, 1) = pgm (U(x,1)),

where A and p are constants, into two ordinary differential equations by
the technique of separating the variables.

(138) The method of separation is to be used to find the solution to the problem below by
taking u(x, y) = X(x)Y(y) where
0w 0%u
—+ —=0 0 2,0 1
8x2+8y2 <x<2 0<y<l),
ou ou
—(0,y) = —(2,y) =0 O<y<1
5 (0 Y) = 5 (2,9) (0<y<1),
u(x,0) =0 (0<x<?2),
u(x,1) = sin(mx) (0<x<2).

Determine the ordinary differential equations satisfied by X(x) and Y(y) and the
homogenous boundary conditions that will lead to a non-trivial solution of the partial
differential equation.




(139)

The question is concerned with the vibrations of a taut string, which are modelled
by the wave equation :

Pu 1 0%
9z % ot2
subject to the boundary conditions
w(0,t) =u(L,t) =0, t>0,
and the initial condition
u(z,0) = f(x), 0<zr<L.
(i) Write down another initial condition that expresses the fact that at time t = 0
the string is at rest.

(i) (a) Use the method of separating the variables, with u(x,t) = X (z)T'(¢). to
show that the function X satisfies the differential equation

X'—puX =0 (1)
for some constant 4. What boundary conditions must X also satisfy?

(b) Show that there are no non-trivial solutions to Equation (1) which satisfy
these boundary conditions when:

i) w=k>0
(1) w=0.

(c) Find the non-trivial solutions to Equation (1) satisfying the boundary
conditions when p = —k? < 0, stating clearly what values 4 is allowed to
take.

(iil) Using your answer to (ii)(c), determine the normal mode solutions u(z,t) =
X (x)T(t) satisfying the above boundary conditions and initial conditions (in-
cluding the initial condition you identified in (i)).

The string is released (from rest) from the position shown in the diagram below.

u(x, 0)
l—‘o L

:

1 X
il L

(iv) Determine the formula for f(z), the initial position of the string.

(v) Form a linear combination of normal mode solutions and show that the subse-
quent motion of the string (when released from rest from the position shown
in the diagram) is described by the equation

16L = sin(Zf) . /rrz (c’mrt)
= sin (—-) cos .

u(z,t) = HTII r2q? L

L

(Hint: You will find the following integrals useful in determining the Fourier
series for f(z):

[ ()t s o () - o (),

/L;(L — 1) sin (?) dr = % <3TTN cos (%) + sin (%)) J)




(140) Consider the temperature distribution in a perfectly insulated rod of length L,
where one end, at x = 0, is maintained at a temperature of 0°C and the other end,
at x = L, is insulated. This is well modelled by the diffusion equation

26 186
dz?  a ot

subject to boundary conditions
o0
00,t) = Z=2(L,t) =0, t>
©.5)=22(L,p=0, t>0,
and to the initial condition
O(z,0) = f(z), 0<z<L,
where f(z) is the initial temperature distribution along the rod.

(i) Use the method of separating the variables, with Oz, t) = X (z)T(t), to de-
termine the boundary-value problem satisfied by X (z).

(ii) Show that the only solutions of the diffusion equation, satisfying the boundary
conditions, are linear combinations of solutions of the form

O(z,t) = sin(ﬂ:t)e_""ﬁ2‘t
and determine the possible values for the constant S3.

(iii) What is the solution of the above model for a rod of length 1m, initially
heated to 100°C before one end is inserted into the ice that maintains that
end’s temperature at 0°C? What does the model predict for the long-term
temperature distribution in the rod?

The temperature distribution w(z,t) along a metal rod (which is insulated at each
(141) end) is described by the partial differential equation
9?0 100

W(m’t)—uﬁ T5.0) O0O<z<L, 0<t),
where o« 4 0 is a constant, subject to the boundary conditions
00 00
Y o
and the initial condition
O(z,0) = f(z) (0<xz<L).

(a) Use the method of separating the variables, with ©(xz,¢) = X (x)T(t), to show
that the function X satisfies the differential equation

X" —puX =0 (1)

for some constant g. What boundary conditions must X also satisfy?

(L,t) =0 (0<4),

(b) Show that if ;# > 0 there are no non-trivial solutions to Equation (1).
(¢) Show that if 4 = 0 there is a non-trivial solution to Equation (1). Hence

determine a form of this solution that satisfies the boundary conditions.

(d) Find the non-trivial solutions to Equation (1) satisfying the boundary
conditions when g < 0, stating clearly what values p is allowed to take.

(e) Find and solve the differential equation that 7" must satisfy.

(f) Use your answers to write down a family of solutions O(x,¢) = X (x)7T'(¢) that
satisfy the first two boundary conditions and hence show that the general
solution of the partial differential equation may be expressed as

-
O(z,t) = ZC, g—or'mt/L? cos(rmz/L) + Cy.
l':l
(g) Briefly explain how you would use the initial condition ©(z,0) = f(z) to
determine the particular solution to the partial differential equation.




142 The steady-state temperature distribution wu(x,y) for a semi-infinite rectangular
( ) plate is described by the partial differential equation

9u 9%u
@(:ﬂ,y) - 6T,'2(:E’y) =0 (O<xz<l, 0<y).

y

o 1 X

This equation is subject to the following boundary conditions.

The plate is insulated on the edges x = 0 and = = 1, so

Ou du
E(Ow) = E(]*L’) = 0.

The temperature of the plate remains finite everywhere, so
u(x,y) — k as y — oo,

where k& is a positive constant.

Finally, the temperature distribution on the edge y = 0 is given by
u(z,0) = f(z) (0<z<1).

(a) Use the method of separating the variables, with u(z,y) = X (x) Y (y), to
show that the function X satisfies the differential equation

X" —puX =0 (1)
for some constant p. What boundary conditions must X also satisfy?
(b) Show that if ;¢ > 0, there are no non-trivial solutions of Equation (1).
(¢) Find the non-trivial solutions of Equation (1) satisfying the boundary
conditions when g < 0, stating clearly what values p is allowed to take.

(d) Find and solve the differential equation that ¥ must satisfy, and use the
boundary condition for y — oo to simplify your answer.

(e) Use your answers to write down a family of solutions u(x,y) = X (z) Y (y)
that satisfy the first two boundary conditions, and hence show that the
general solution of the partial differential equation may be expressed as

u(x,y) = Ag + ZA,.C*'"’”’ cos (rmx) .
r=1

(f) Briefly explain how you would use the initial condition u(x,0) = f(x) to
determine a particular solution of the partial differential equation.

(143) The scalar field F' is defined in terms of cylindrical polar coordinates by
I'(p 0,2z) = pz sin (2¢),
Which option gives grad F?
Options

A zsin(20)e, + 2zsin(20)e, + psin(20)e, B zsin(20)e, + 2zcos(2¢)e, + psin(20)e,

C zsin(2¢)e, + 2zpcos(2¢)e, + psin(20)e, D zin(2¢)e, + zpcos(2¢)e, + psin(2¢)e,




(144) The scalar field F is defined in terms of spherical polar coordinates by
1
F(r,0,¢) = ;. — Tcos 20.

Which option gives grad F'7

Options
A 0 B 1 e,
r
1 2 . 1 i
C —(—2 +cos29)er + —sin 260 eg D —(—2 +cos29)er+281n29e9
T T T
(145) Consider the three-dimensional scalar field h(z,y, 2) = /22 + y? + 22 + 2y.

(a) Find an expression for the scalar field h in cylindrical polar coordinates.
(b) Determine the gradient V h in cylindrical polar coordinates.

(c) Find an expression for the scalar field h in spherical polar coordinates.

(

d) Determine the gradient V h in spherical polar coordinates.

Consider the three-dimensional scalar field
hleqe) = \/IL'2 +y2 4+ 222 +1.

(a) Find an expression for £ in cylindrical polar coordinates.

(146)

(b) Determine the gradient Vh and the value of |[Vh| in cylindrical polar
coordinates.

(¢) Find an expression for A in spherical polar coordinates.

(d) Determine the gradient Vh in spherical polar coordinates.

Consider the scalar field

(147) F(z,y,2) =22 + 9% — 2.
(a) Express the scalar field in spherical polar coordinates.
(b) Find grad F in spherical polar coordinates.

(¢) Does this field have spherical symmetry? Briefly justify your answer.

(148) (a) Consider the two-dimensional scalar field f(z,y) = 22 — 292 + =.
What is the gradient grad f of the scalar field f, and what is its value
at the point (1, —1)7

(b) What is the value of the derivative of the scalar field f at the point
(1, —1) in the direction of the vectord =i —j7

(¢) What is the maximum value of the derivative of the scalar field f at
the point (1, —1), and what is its direction?

(d) What is the direction of the tangent line to the contour curve
f(xz,y) = 0 at the point (0,0)?




(149)

What is the value of jg F - dr, where F(z,y) = —yi+ 2% j and C is the

¢
closed curve OABQO as shown?

y
A
2
B
e 2 X
Options
AO B 6 C -6 D -2

(150)

(a) Consider the scalar field @(z. y. =) given by

&(z,y, ) = 2yz* + yz + =z + 4zy.
(i) Find grad ¢.

(ii) Calculate the rate of change of ¢ at the point (1, —3,2) in the direction
of the vector

a=L1(i-2j - 2k).

(b) Consider the vector field

F=zyi+2zyj—z-"k

(i) Evaluate the scalar line integral [, F -dr of this vector field along the
path C defined by the parametric equations
z=t3, y=2 z2=-t2 (0<t<1)
from the point (0,0,0) to the point (1,2, —1).

(ii) Is the vector field conservative? Give your reason for your answer.

(151)

(i) Evaluate directly the scalar line integral f F - dr of the vector field
c

F =2z(zz+y)i+ (2zz + 3y2)j + 2z(zz + y)k

along the path C from the point (0,0,0) to the point (1,1,1) defined by the
parametric equations

z=t}, y=t*) =z=t (0L<t<1).

(ii) By using a test involving the curl of a vector field, show that the vector field
F(z,y, z) defined in part (i) is conservative.

(iii) If ¢(z,y, z) is the scalar field
0=—( z222+2zyz+19° )
show that
=—grad ¢
‘w_here F is the conservative vector field defined in part (i).
(iv) Using the scalar potential ¢ defined in part (iii), verify your answer to part (i).




Fi = —2yZ%i + 2x2% + 2(x* + y?)zk

(152) Consider the vector fields E, = 2X22i a2 2\/22j % 2{)(2 & yz)Zk

(i) Calculate the value of the scalar line integral of F, around the circle
x =cost y=sint? z=l' 0<1<2n)

from the point (1,0, l[) back to the same point. Deduce that F, cannot be the gradient of a scalar
field.

(ii) Show that, on the other hand, F, is conservative.

(iii) By computing the scalar line integral of F, along the line segment
x=ta, y=tb, z=tc (0<t<1)where (a, b, c)isany given point and using an

appropriate expression for the line integral of a gradient, find a scalar field ¢ such
that F, =—grad ¢ and ¢(0, 0, 0) = 0.

(153)

Find the scalar line integral [, F-dr of the vector field
F=2zyzi+x2::j+y2k

along the path C from the point (0,0,0) to the point (2,4,8) defined by the para-
metric equations

r=t y=t, z=t2 (0<t<2).

(154) Evaluate the scalar line integral [, F - dr of the vector field
F=(y+2)i+z%zj-3cyzk
along the path C defined by the parametric equations
z=t% y=t z=2t-1 (0<t<1)
from the point (0,0, —1) to the point (1,1, 1).

(155) The vector field F is defined in terms of spherical polar coordinates by
1
F(r,0,¢) = . e, —rcosfey.
Which option gives curl F7?

Options

A 2sinfe, -
sinfe, + ey B —2cosfles ¢ 2cosbe; p —cosbeg

(156) The vector field F is defined in terms of spherical polar coordinates by
F(r,0,¢) = %er —rcosfeg.
Which option gives div F?
Options

1 cos(26) 1 . 1 . 1 . .
ey —Zt rsin(@) C =t sin(6) D =~ sin(0)(1 —sin(0))




A velocity field v is expressed in spherical polar coordinates as

(157) v(r,0,$) = 3r?sinfcos e, + 12 cosf cos peg — 12 sin ¢ €4.
By calculating curl v, show that v is everywhere conservative.
(158) A vector field F3 is expressed in spherical polar coordinates as
F3(r, 8, ¢) = r’sin(20)e, + 2r’cos(20)eq — 2r’dcos(26)cos(0)e,.
Determine div Fs.
(159) ) A velocity field v is expressed in cylindrical polar coordinates as

v(p,d,z)=2(2p - 3p2cos((1)))ep +pzzsin(¢)e¢ + (p2 — p3c05(¢))ez.

By calculating curl v show that v is everywhere conservative.

(i) Determine divv

A lamina R is made of material of uniform density h and occupies the region

(160) between the two semicircles whose equations in polar coordinates are » = a and
r = b, where b > a and —7/2 < 6 < 7/2. Which option represents the moment of
inertia of i about the zr-axis?

X
Options
O=m/2 r=a O=m/2 r=b
A / / hr® sin® 0 dr df B / / hi® sin® 0 dr- db)
f=—m/2 Jr=b O=—n/2 Jr=a

O=7/2 pr=a o=n/2 pr=b
C j he? sin® 0 dr do D f / hr? sin® 0 dr d6)

O=—m/2 Jr=b O=—7m/2 Jr=a




(161) Evaluate the surface integral

J XrdA .
s

where S is the region of the xy-plane given by

xz20rz20xy+01r<1.

A lamina R is made of material of uniform density h and occupies the region

(162) between the two semicircles whose equations in polar coordinates are r = a and
r = b, where b > a and o < § < w/2. Which option represents the moment of
inertia of R about the z-axis?

Options

O=m/2 pr=b ) O=a pr=b
hr3 sin® 0 dr d6 hr3 sin® 0 dr df
A JO=« Jr=a B =0 Jr=a

O=m/2 pr=b 6=c pr=b
C f / hr® dr df D / f he® dr dO
f=a r=a 6=0 r=a

A lamina of constant density p consists of the region between the two
( 1 6 3 ) curves
y=1+4-22 and y=1—42?% for y > 0,
as shown.
.,)
2
1
-2 -12.0 172 2 x

Select the option that gives the moment of inertia of the lamina about the
T-axis.

Options

2 VA= 1/2  pl—da?
A 2p (/ f y? dy dx — / / y*dy d:y)
o Jo 0 0

2 VI
B 2pf / 2% dy dx
0 J1-422 )

1-4?
2 pVa—a? 1/2 pl1-4z? D 9
C 2 / / Izdydmff / 22 dy dx ()/ [ Idydl"
o Jo 0 0 -2J0

(164) By using Cartesian coordinates, evaluate the surface integral

/ Ty dA,
-

where S is the region of the (z,y)-plane given by the inequalities

z>0, y>0 and 2?2+ <1



A lamina of constant density o consists of the region between the two

(165) curves
r=+/4—42 and xzz=1—y?

and the y-axis, as shown.

=

Select the option that gives the moment of inertia of the lamina about the
Yy-axis.

Options

2 paSA—y2 ) 2 p1—y?
A 20 / / y? da dy / / y? da dy
Jo Jo Jo Jo
2 paSA—u2 ~2 1—y®
B 20 / / x? da dy — / / ax? dax dy
Jo Jo Jo Jo
2 /Ay Lopley®
C 20 / / y? dx dy — / / y? dx dy
Jo Jo Jo Jo
.2 VA—y? 1 1-y? )
D 20 / / 22 dx dy — / / 22 dx dy
o Jo o Jo

(166)

(i) Evaluate the surface integral J.S(.\'l — »%)dA over the triangle S whose vertices have coordinates
(0, 0), (1, 1) and (1, —1).

(i)

0
A non-uniform solid right circular cone has height 4 and base radius a. The density of the cone
at a point distance p from the axis of symmetry is

o(p) = Gt
where g, is a positive constant. By using cylindrical polar coordinate p, ¢,Z vhose origin O

is at the apex of the cone and whose z-axis is along the axis of symmet:y u: wic cone, calculate
the mass of the cone.

A solid body takes the form of a circular cylinder, whose boundaries are defined

( 1 6 7 ) by the surfaces

z? + y? = 36,

z=-1 and z=4.
The body is made of a material whose density p(z, y, z) at a point (z,,2) is
given by

p(z,y,2) =

4+ g2 .

Formulate, but do not evaluate, an integral which will give the moment
of inertia of the body about the axis of symmetry. Your formulation should
clearly indicate the order in which the integrations are to be carried ouf.,‘ the
limits of integration for each variable, and the function which is to be inte-
grated.




(168) A solid body takes the formof a triangular prism, whose boundaries are defined
by the planes

z=0
y=0
z=0
y=4
z+z=23,

as shown in the diagram below.

zﬁl

8V

The body is made of a material whose density p(z, vy, z) at a point (z,v, z)
varies in proportion to the square of the distance, 7, of the point from the
origin, so that

o(z,y,2) = kr?,
where k is a positive constant.

Formulate, but do not evaluate, an integral which will give the mass of
the body. Your formulation should clearly indicate the order in which the
integrations are to be carried out, the limits of integration for each variable,
and the function which is to be integrated.

(169) A thick-walled pot is bounded on the outside by the surface defined in terms of
Cartesian coordinates (z,y, z) by

z= (:1:2 + y2)2
and on the inside by the surface
z=3+ (=2 + )%

Its upper surface is the plane z = 4. The figure shows the cross-section of the pot
by the (z,z)-plane. A picture of the pot itself could be obtained by rotating this
figure through 180° about the z-axis.

Zs

4

1 x

The pot is made of uniform material of density o Pind its mass, and its moment
of inertia about its axis of symmetry.




(170) :

az=x%+y?

A solid body is bounded by the paraboloid az = x* + y* and the plane z = a, where a is a positive
constant. The density of the body is

sy =(@+x*+y) G {az

where G, is a positive constant. By using cylindrical polar coordinates, calculate the mass M of the
boay. Further show that its moment of inertia about the axis of symmetry is 3Ma2{8_

The fin of a high-speed sailing dinghy is made from a laminar material
occupying the region enclosed between the lines y = 2x — 1 and
y = (2 — z)2. The density of the material varies and is given by the

(171) function oy, where y is the vertical distance from the z-axis and o is a
constant. The mass of the fin and the position of its centre of mass are
sought.

(a) Sketch the region, and find the coordinates of the vertices.

(b) In setting up the surface integral, there is a choice of which integration
is to be done first. Explain why integrating first with respect to one
variable is easier than with respect to the other variable.

(¢) Calculate the mass of the fin in terms of o.

(d) Find the coordinates of the centre of mass of the fin.

Comnsider a solid body whose surface is formed at its base by the plane
z = 1, whose vertical sides are a cylinder of radius 1, and which is

(172) bounded on top by the paraboloid z = 5 — 2 — 2, as illustrated in the
diagram below.

T

(a) Explain which coordinate system should be used in order to describe
the shape more easily, and transform the surfaces bounding the shape
into this coordinate system (if necessary).

(b) Find the equation of the curve of intersection of the cylinder with the
upper surface, and describe it.



172 continued
The density of the material forming the body is a(3 — p), where o is a
constant, and p is the distance from the z-axis.

(c) Set up the multiple integral to find the mass of the body, M, and
determine the value of the mass in terms of o.

(d) Set up the multiple integral to find the moment of inertia of the body
about the z-axis, and determine this moment of inertia in terms of M.

(e) Set up the integral to find the moment of inertia about the z-axis, but
do not evaluate it.

Express as an area integral in polar coordinates the area of the surface
2 5. 5n D G et s e r 8 22 o - .
(173) z=y"+2ay—a”+2 lying over the annulus defined by $ < 2° + y“ < 1. Hence
evaluate this area in terms of .

A ploughshare is made from a laminar material occupying the region

(174) between the straight lines y = 0, y = 22 and (= § — . The density of the
material varies and is given by the function oy , where y is the height
above the x-axis and o is a constant. The mass of the ploughshare and the
position of its centre of mass are sought.

(a) Sketch the region, and find the coordinates of the vertices.

(b) In setting up the surface integral, there is a choice of which integration
is to be done first. Explain why integrating first with respect to one
variable is easier than with respect to the other variable.

(c) Calculate the mass of the ploughshare in terms of o.

(d) Find the coordinates of the centre of mass of the ploughshare.




